NEW REVERSES OF SCHWARZ, TRIANGLE AND BESSEL 
INEQUALITIES IN INNER PRODUCT SPACES 



S.S. DRAGOMIR 



Abstract. New reverses of the Schwarz, triangle and Bessel inequalities in 
inner product spaces are pointed out. These results complement the recent 
ones obtained by the author in the earlier paper [13]. Further, they are em- 
ployed to establish new Grass type inequalities. Finally, some natural integral 
inequalities are stated as well. 



1. Introduction 

Let (H; (•, •)) be an inner product space over the real or complex number field 

K. 

In earlier paper [13], we have obtained the following simple reverse of Schwarz's 
inequality 

(1.1) 0<\\xf\\af-\{x,a)\ 2 

< ||a;|| 2 ||a|| 2 -[Re(a;,a)] 2 < r 2 ||x|| 2 , 

provided 

(1.2) \\x-a\\<r<\\a\\, 

where a,x £ H and r > 0. The constant c = 1 in front of r 2 is best possible in the 
sense that it cannot be replaced by a smaller one. 

This result has then been employed to prove (see [13]) that 

2„.„2 „ 1 {Re[(f + 7)(x,y)]} 2 



NriMr< r Re(r - } 

i |r + 7 | 2 2 

-4'ReW l(;C ' y>l ' 
provided, for x, y € H and 7, T S K with Re (Py) > 0, either 
(1.4) Re (Ty - x, x - jy) > 0, 

or, equivalently, 



7 + r 



x y 

2 y 



<^|r-7llMI, 



(1.5) 

holds. In both inequalities (1.3), | is the best possible constant. 
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The inequality (1.3) implies the following additive version of reverse Schwarz's 
inequality 

(1-6) < |M| 2 ||y|| 2 - \(x,y}\ 2 < \ ■ |(x,y)| 2 . 

Here the constant \ is also the best. 

If the condition (1.2) is satisfied, one may deduce the following reverse of the 
triangle inequality [13] 



(1.7) 0< ||x|| + ||a|| - ||z + a|| < V2r 



Re (x, a) 



\y\\ a 



Ml 



If M > m > 0, x, y E H and either (1.4) or, equivalently, (1.5) holds for M,m 
instead of T, 7, then the following simpler reverse of the triangle inequality may be 
stated as well 



(1.6 



< \\x\\ + \\y\\ -\\x + y\\< 



Moving now onto Griiss type inequalities, we note that if x, y, e e H, with ||ej| = 1 
and n, r 2 € (0, 1) are such that 

(1-9) ||s-e||<ri, |b-e||<r 2 , 

then one has the inequality [13] 

(1-10) K*,tf>-<ic,e)<e,y)|<rir2||x||||i/||. 

The inequality (1.10) is sharp in the sense that the constant c = 1 in front of T\T2 
cannot be replaced by a smaller constant. 

If we assumed that, for x,y,e £ H with ||e|| = 1 and 7,T e K with Re(r7) , 
Rc ($0) > 0, either the condition 

(1.11) Re (re -x,x-je), Re ($e - y, y - j<j>) > 



or, equivalently 
(1.12) 



7 + r 

x — e 



<^|r-7l, 



y- 



<- 2 \*- 



holds, then we have the inequality 
(1.13) 



1 ir -71 1$ - (Ai 

x, y) - (x, e) (e, y)\ < - ■ ) 71 1 2L \(x, e) (e, y)\ . 



^Re (r 7 ) Re ($0) 



Here the constant j is also best possible. 

In the case that both (x, e) , (e,y) ^ (which is actually the interesting case), 
we have 



(1.14) 



(x,y) 



(x,e) (e,y) 



1 



1 

< - • 

~ 4 



|r- 7 ||4> 



Re (r 7 ) Re 



Now, for an orthornormal family of vectors in H, i.e., we recall that (e^, ej) = 
if i,j e N, i 7^ j and ||ej|| = 1 for i £ N, the following inequality, called the Bessel 
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inequality 
(1.15) 



J2\(x, ei )\ 2 < \\xf, xeH; 



holds. 

If [H; (•,•)) is an infinite dimensional Hilbert space over the real or complex 
number field K, (ej) igN an orthornormal family in H, A = (Aj)^ N G £ 2 (K) and 
r > with the property that 



(1.16) 

then, for x <G i? such that 
(1.17) 

holds, one has the inequalities [13] 
(1.18) 



£M 2 >r 2 , 



IE - ^A, 



n2 < (E^iRc [ A » (^gi)]) < lE^ a, (^ e *)| 



Y^oo I \ |2 oo 



E~iM 2 -r 2 ^ 

An additive version of interest is [13] 



(1.19) 



0< \\xf-J2\&ei)f 



< 



i=i 



Finally, if T = (r 4 ), eN , 7 = hi) te N e ^ ( K ) are such that E,~ i Re ( r *7l) > and 
for x € H, either 



(1.20) 

or, equivalcntly, 
(1.21) 

holds, then [13] 



00 i -n 



i=l 



< 



Re / £ T l e l - a;, a; - £ 7^ \ > 



»=i 



n 99 , II „2 < 1 (E^Ret^+^^e,)]) 2 1 |E^ fi+7.) (^)| 
1 ] " " "4" E 4 =!Re(r i7l ) -r Ei=i Re ( r »7i) 



i2 oo 



< 



1 ESi£j+7 
4'ESiRe(r i 7j^ 



Ei 



The constant | is best possible in all inequalities (1.22). 
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The following additive version may be stated as well [13] 
(1.23) < |N| 2 - £ \(x, e,)| 2 < - • ^Li^f- -£\( X , e t )\ 2 . 

i=l 4 ^i=l n ° ^ i=l 

Here the constant ^ is also best possible. 

The present paper is a continuation of [13]. Here we point out different reverses 
of the Schwarz, triangle and Bessel inequalities that are also sharp. Applications 
for Griiss type inequalities are provided. Some integral inequalities that are natural 
consequences of the above, are stated as well. 

2. New Reverses of Schwarz's Inequality 

The following result holds. 

Theorem 1. Let (H; (■,■)) be an inner product space over the real or complex 
number field K, x,a € H and r > 0. If 

(2.1) xeB(a,r) := {z E H\ \\z - a\\ < r} , 
then we have the inequalities: 

(2.2) 0<||x||||a||-|<a:,o)|<||a:||||a||-|Re<a:,o)| 

< ||x|| ||a|| -Re(x,a) < K 2 . 

The constant | is best possible in (2.2) in the sense that it cannot be replaced by a 
smaller constant. 

Proof. The condition (2.1) is clearly equivalent to 

(2.3) ||a;|| 2 + ||a|| 2 < 2Rc(s,a) +r 2 . 
Using the elementary inequality 

(2.4) 2 \\x\\ \\a\\ < \\x\\ 2 + \\a\\ 2 , a,xeH 
and (2.3), we deduce 

(2.5) 2||.t|| ||a|| < 2Rc(a;,a) +r 2 , 

giving the last inequality in (2.2). The other inequalities are obvious. 
To prove the sharpness of the constant \ , assume that 

(2.6) <\\x\\\\a\\- Rc(x, a) <cr 2 

for any x,a <G H and r > satisfying (2.1). 

Assume that a, e € H, \\a\\ = \\e\\ = 1 and e _L a. If r = yfs, e > and if we 
define x = a + ^fee, then ||a; — a|| = ^fs = r showing that the condition (2.1) is 
fulfilled. 

On the other hand, 




= VTTi- i. 



Utilising (2.6), we conclude that 

(2.7) vTTe - 1 < ce for any e > 0. 
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Multiplying (2.7) by y/1 + e + 1 > and then dividing by e > 0, we get 

(2.8) (vTTi + l) c > 1 for any e > 0. 

Letting e — > 0+ in (2.8), we deduce c > |, and the theorem is proved. | 
The following result also holds. 

Theorem 2. Let (H ; (■ , ■)) be an inner product space over K and x,y G i?, 7, T e 

(r 7^ 7, —7) so that either 

(2.9) Re (r y -x,x- 72/) > 0, 
or ; equivalently, 



(2.10) 



7 + r 
• x — 7T~ y 



< ^|r-7ll|y| 



holds. Then we have the inequalities 

(2.11) 0<\\x\\\\y\\-\{x,y)\ 



<\\x\\\\y\\ 



Re 



r + 7 



< ||x|| ||y|| — Re 



ir + 7 
r + 7 



|r + 7 | 



(x,y) 
(x,y) 



4 |r + 7 | 

The constant \ in the last inequality is best possible. 

Proof. The proof of the equivalence between the inequalities (2.9) and (2.10) follows 
by the fact that in an inner product space Re (Z — x, x — z) > for x, z, Z e H is 
equivalent to 



z + Z 



<\\\Z-z\\, 



(see for example [9]). 

Consider for a,y ^= 0, a = -y and r = \ \T — 7I \\y\\ . Thus from (2.2), we get 



0< lid 



< x 



< x 



r + 7 



2 

r + 7 



2 

r + 7 



WW 

\y\\ 



r + 7 



Re 

2/11 — Re 



"r + 7 
jr + 7 | 
r + 7 
|r + 7 | 



,y)\ 
(x,y) 
(x,y) 



^ i-n I 2 II II 2 

< o • |r-7l h\\ ■ 



Dividing by | |T + 7I > 0, we deduce the desired inequality (2.11). 

To prove the sharpness of the constant \ , assume that there exists a c > such 
that: 



(2.12) 



x|| \y\ ~ R- c 



r + 7 



|r + 7 | 

provided either (2.9) or (2.10) holds. 



5,2/) 



< c- 



ir- 7 r 

|r + 7 | 
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Consider the real inner product space (R 2 , (•,•)) with (x, y) = xiyi + X22/2, 
x = (x 1 ,x 2 ) , y = (2/1,2/2) € R 2 - Let y = (1, 1) and T,7 > with T > 7. Then, by 

(2.12) , we deduce 

(2.13) V2Jx\ +x 2 2 - (si + x 2 ) < 2c ■ 7) . 

v 1+7 

If x\ — T,X2 = 7, then 

(ry - x, x - 7y) = (r - xi) (*i - 7) + (r - * 2 ) (* 2 - 7) = 0, 

showing that the condition (2.9) is valid. Replacing x\ and xi in (2.13), we deduce 

(2.14) Wr 2 + 7 2 - (r + 7) < 2c ( ^~ 7) . 

1+7 

If in (2.14) we choose r = 1 + e, 7 = 1— e with e e (0, 1) , we deduce 

/ 4e 2 

2 VI + s 2 - 2 < 2c—, 

giving 

(2.15) VTTe 2 - 1 < 2ce 2 . 



Finally, multiplying (2.15) with y/1 + e 2 + 1 > and thus dividing by e 2 , we deduce 

(2.16) 1 < 2c (yi + s 2 + l) for any e € (0, 1) . 

Letting e — > 0+ in (2.16) we get c > |, and the sharpness of the constant is 
proved. | 

For some recent results in connection to Schwarz's inequality, see [2], [14] and 
[16]. 

3. Reverses of the Triangle Inequality 

The following reverse of the triangle inequality in inner product spaces holds. 

Proposition 1. Let (H; (•, •)) be an inner product space over the real or complex 
number field K, x, a e H and r > 0. If \\x — a\\ < r, then we have the inequality 

(3.1) 0< H + 11011-11* + a|| <r. 
Proof. Since 

(||x|| + || a ||) 2 -|| a ; + a || 2 <2(||.x||||a||-Rc(x, a )), 
then by Theorem 1 we deduce 

(3.2) (||a;j| + l|a||) 2 -||.T + a || 2 <r 2 , 
from where we obtain 



(3.3) ||a;|| + ||a|| <\Jr 2 + \\x + a\\ 2 <r+ \\x + a\\ 

giving the desired result (3.1). | 
We may state the following result. 
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Proposition 2. Let (H; (■,■)) &e an inner product space over K and x,y € i?, 
M > m > suc/i £/iai either 

(3.4) Re (My - a, a: - my) > 0, 

or, equivalently, 

M + to 



< l -(M-m)\\y\\, 



(3.5) 

holds. Then we have the inequality 

(3-6) < |M| + \\y\\ - \\x + y\\ < ^ • N . 

2 VM + to 

Proof. By Theorem 2 for T = M, 7 = to, we have the inequality 

1 (M — to) 2 „ ,,0 

(3-7) INMMI-Re^y)^-.^— ^ || y || 2 . 

Then we may state that 

(\\x\\ + \\y\\) 2 - \\x + yf = 2(\\x\\\\y\\-Re{x,y)) 

<-- (M " m)2 Nl 2 

" 2 M + to " y " 

from where we get 



(3 . 8) w + Ms ^.C^! M . + M + rt' 

(M — to) 
^2 (M + to) 

giving the desired inequality (3.6). | 

For some results related to triangle inequality in inner product spaces, see [3], 
[18], [19] and [20]. 

4. Some Gruss Type Inequalities 

We may state the following result. 

Theorem 3. Let (H; (•,•)) be an inner product space over the real or complex 
number field K and x,y, e e H with ||e|| = 1. 7/ri,r 2 > and 

(4.1) \\ x — e|| < ri, \\y — e|| < r2, 
then we have the inequalities 

(4.2) \{x,y)-{x,e){e,y)\ < ^nnVM + l(*> e )l ' V\\v\\ + \(y, e)| 

< f"ir 2 ||a;|| \\y\\ . 

The constant \ is best possible in the sense that it cannot be replaced by a smaller 
constant. 
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Proof. Apply Schwarz's inequality for the vectors x~ (x, e) e, y — (y, e) e to get (see 
also [9]): 

(4.3) \(x,y) - (x,e) (e,y)\ 2 < (\\x\\ 2 |(x, e )| 2 ) (||y|| 2 - |(y, e >| 2 ) . 
Using Theorem 1 for a = e, we have 

(4.4) < ||a;|| 2 - |(a;,e)| 2 

= (lkl|-K^e)|)(||a;|| + |(a;,e)|) 

< ^(||x|| + |<a:,e)|)<r?||x||, 

and, in a similar way 

(4-5) 0<|| y || 2 -|(y, e )| 2 

<^(IMI + l<y,e>|)<r||M|. 

Utilising (4.3) - (4.5), we may state that 

(4.6) \(x,y) - (x,e) (e,y)| 2 < \r\r\ (\\x\\ + \(x,e)\) (\\y\\ +\(y,e)\) 

<rlrl\\x\\\\y\\, 

giving the desired inequality (4.2). 

To prove the sharpness of the constant i, let assume x = y in (4.2), to get 

(4-7) \\xf-\(x,e)\ 2 <lrl(\\x\\ + \(x,e)\), 

provided \\x — e|| < r\. If x ^ 0, then dividing (4.7) with ||a;|| + \(x, e)| > we get 
(4-8) \\x\\-\{x,e)\ < \r\ 

provided \x — e|| < r l7 ||e|| = 1. However, (4.8) is in fact (2.2) for a = e, for which 
we have shown that \ is the best possible constant. | 

The following result also holds. 

Theorem 4. With the assumptions of Theorem 3, we have the inequality 



(4.9) | (x, y)-{x,e){e,y)\< ri r2^r 2 + \{x,e)\-^r% + \ (y, e) \ . 
Proof. Note that, from Theorem 2, we have 

(4.10) |M|||a|| < \(x,a)\ + V 

provided \\x — a\\ < r. 

Taking the square in (4.10) and arranging the terms, we obtain: 

(4.H) 0<\\x\\ 2 \\af-\(x,a)\ 2 <r 2 (\r 2 + \(x,a) 

provided \\x — a\\ < r. 

Using the assumption of the theorem, we then have 

(4.12) 0<\\xf - \(x,e)f <fi(\ti + \{x,e)\ 
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and 

(4-13) 0<|M| 2 -|(y,e)| 2 <r 2 2 ^r 2 2 + |<y,e)| 

Utilising (4.3), (4.12) and (4.13), we deduce the desired inequality (4.9). | 

The following result may be stated as well. 

Theorem 5. Let (H; (•, •)) be an inner product space over K and x, y, e G H with 
\\e\\ = 1. Suppose also that a, A, b, B e K (K = C,R) so that A ^ ±a,B ^ ±b. If 
either 

(4.14) Re (Ae - x, x - ae) > 0, Re (Be - y, y - be) > 0, 

or, equivalently, 



(4.15) 



A 



V 



b + B 



<\\B-b\, 



holds, then we have the inequality 

(4.16) \(x,y)~(x,e)(e,y)\ 
\A-a\ \B-b\ 



1 

< - • 



4 ^\A + a\\B + b\ 



y/\\*\\ + \(x,e)\-y/\\y\\ + \(y,e)\ 



The constant \ is best possible in (4-16). 
Proof. From Theorem 2, we may state that 



(4.17) 



0<\\x\\ 2 -\(x,e)\< 



< 



\(x,e)\)(\\x\\ + \(x,e)\) 

„l 2 

|x|| + |<a:,e)|), 



\A + a\ 



and 
(4.18) 



< 



\(y,e] 



,2^1 \B-bY 



< 



\B + b\ 



(h\\ + \(y,e)\) 



Making use of (4.3) and (4.17), (4.18), we deduce the first inequality in (4.16). 
The best constant follows by the use of Theorem 2, and we omit the details. 

Finally, we may state the following theorem as well. 
Theorem 6. With the assumptions of Theorem 5, we have the inequality 

(4.19) |<a; ) y)-<a ;) e)<e,y)| 
a\ \B - b 



< 



1 



A 



1 \A- 



2 + a| \B + b\ V 8 \ A + a \ 



{x,e) 



11 \B-br 

8 ' \B + b\ 



+ \(y,e)\. 
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Proof. Using Theorem 1, we may state that 



0<\\x\\-\(x,e)\<\-\-£r-^ 
~ v n ~ 4 \A + a\ 



This inequality implies that 

2^i; \ i2 



\\4 Z <\{x,e)f + \\(x,e)\ -iji-A- 



1 

+ 16 



giving 
(4.20) 
Similarly, we have 



(a;,e)| + 



1 |A - a!" 



8 \A + a\ 



(4.21) o<|| y || 2 -|( y , e )| 2 <i.^|-A| 



\(y,e)\ 



1 \B-b\ z 



8 |S + 6| 

By making use of (4.3) and (4.20), (4.21), we deduce the desired inequality (4.19). | 

For some recent results on Griiss type inequalities in inner product spaces, see 
[4], [6] and [21]. 



5. Reverses of Bessel's Inequality 

Let (H; (•, •)) be a real or complex infinite dimensional Hilbert space and (ej) igN 
an orthornormal family in H, i.e., we recall that (et,ej) = if i,j G N, i ^ j and 
HeJ = 1 for i e N. 

It is well known that, if x € H, then the series J2iLi \( x i e *)| 2 i s convergent and 
the following inequality, called Bessel's inequality, 



(5.1) 

holds. 
If 



e,)\ 2 < llxll 2 . 



e (K) := a = (a t ) ieN C 



< oo 



where K = C or K = M, is the Hilbert space of all real or complex sequences that 

arc 2— summable and A = (Aj) ieN € I 2 (K) , then the series X^Si ^ ie * ^ s convergent 

i_ 

in i? and if y := Y^Li ^i e i £ tncn IMI = M 2 ) ^ ■ 

We may state the following result. 

Theorem 7. Let (H; (■,■)) oe an infinite dimensional Hilbert space over the real 
or complex number field K, (ej) ieN is an orthornormal family in H, A = (Aj) ieN G 
£ 2 (K) , A^O and r > 0. If x e H is such that 



(5.2) 



ir - ^ A, 



i=l 
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then we have the inequality 

(5-3) 0<||z||-(f>,e i >| 2> ) <\- 



\i=l 



(E£iM a ) ! 



The constant | is best possible in (5.3) in the sense that it cannot be replaced by a 
smaller constant. 

Proof. Let a :— Y^iLi ^i e i e H- Then by Theorem 1, we have 

1 



giving 

(5.4) 
since 



i=i 



i»ii X> 



E A * ( a: ' e *) 



i=i 



E A * ( x ' ei ) 



E A * 



Ei^ 



Using the Cauchy-Bunyakovsky-Schwarz inequality, we may state that 



(5.5) 



E Ai ^ x ' e ^ 



i=i 



^ (J2\^ 2 ) (Eimi 2 J . 

and thus, by (5.4) and (5.5), we may state that 

/ OC \ 2 / OC \ 2 / OC 

ini Ew 2 ^Wtewl Eimi 2 



vi=l 



from where we get the desired inequality in (5.3). 

The best constant, follows by Theorem 1 on choosing (e,) ieN = {e} , with ||e|| = 1 
and we omit the details. | 

Remark 1. Under the assumptions of Theorem 7, and if we multiply by \\x\\ + 
i 

(Si=i l( x ; e i)| 2 ) 2 > 0, we deduce from (5.3), that 



(5.6) 



o<IMI 2 -El<^>l 2 

(ESi |<ar, e<>| : 



r 2 | llxll 



(E£iM a ) ! 



< !__J — 

" (E~iM 2 )" 
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where for the last inequality, we have used Bessel 's inequality 



< ||.t|| , x G H. 



The following result also holds. 



Theorem 8. Assume that (H; (•,•)) and (ei) ieN are as in Theorem 7. If T = 

(r*)»€N i 7 — (li)ieN e ^ 2 (^) ' ^ ^ arl( ^ x E H with the property that, 
either 



(5.7) 

or, equivalently, 



E 



i=l 



(5.8) Rc^E r * e * -a;,a;-E^ e ' ) - 
Ziolds, iften we /lave the inequality 

/ OO 

(5.9) 0<\\x\\- El^'^l 2 



r 4 + 7,l 2 ) r 



T/ie constant \ is best possible in the sense that it cannot be replaced by a smaller 
constant. 

Proof. Since T, 7 e £ 2 (K) , then we have that \ (T ± 7) e ^ 2 (K) , showing that 
the series 



E 



r, + 7« 



> E 



i=l 



r 4 - 7* 



are convergent. In addition, the series Y^iLi ^% e u Ei=i 7i e « an d ^T^ e i are 

also convergent in the Hilbert space H. 

The equivalence of the conditions (5.7) and (5.8) follows by the fact that, in an 
inner product space we have, for x, z, Z £ H, Re (Z — x, x — z) > is equivalent to 
|| x — ^4^|| < 5 \\Z — z\\ , and we omit the details. 

Now, we observe that the inequality (5.9) follows from Theorem 7 on choosing 

A, = Ii±2i, i e N and r = \ (^Zi 1^ -7/)' ■ 

The fact that j is the best possible constant in (5.9) follows from Theorem 2, 
and we omit the details. I 
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Remark 2. With the assumptions of Theorem 8, we have 

oo 

(5.10) 0<|M| 2 -]T|(x, ei }| 2 



<I E~iiri-7il 

- 4 



(E^iir. + T.l 2 )" 



<i Egiir.-^r ■■■■ 

- 2 



(E~i 



|r i + 7 J 2 ) 5 



For some recent results related to Bessel inequality, see [1], [5], [15], and [17]. 

6. Some Gruss Type Inequalities for Orthonormal Families 

The following result holds. 

Theorem 9. Let (H; (■,■)) be an infinite dimensional Hilbert space over the real 
or complex number field K and (ej) ieN an orthornormal family in H. If X = 
(Aj) ieN , fi = (/ii) ieN € <? 2 (IK) , A, /j / 0, ri,r 2 > and x,y e H are such 
that 

oo 

x-^A i e l <n, 

i=l 

tAen we Ziaue tfte inequality 



(6.1) 



i=i 



(6.2) 



i=l 



i-i 5 r 

NI + (E~ilM| 2 ) 2 \\v\\ + (ZZi\(V>ei)\ 2 ) 



< r ,r 2 



< nr 2 - 



M h \\v\\ h 



,2\ * 



=1 IMi 

Proof. Apply Schwarz's inequality for the vectors x— Ei=i (^j e i) e ^ 2/ — Ei=i (y> e «) e * 
to get 



(6.3) 



^ (x,ei)ei,y-^2 (y^> e » 



i=l 



i=i 



< 



.t 7 6^ j ei 
l 



£ (y, ej) e, 



Since 



£ e *) e *' y ~ £ (y> e *) e * ) = y) ~ £ e *) ( e *' y) 



i=l 



i=l 



i=l 
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and 



i=l 



i=l 



then, by (6.3) and (5.6) applied for x and y, we deduce the desired inequality 
(6.2). | 

Finally we may state the following theorem. 
Theorem 10. Assume that (H; (•, •)) and (ei) ieN are as in Theorem 9. If T = 

(r 4 ) 4£N , r = (r 4 ) 4£N , <\> = to) <eN , * - (<&i) ieN e ^ 2 (K) , witft r ^ ± 7 , $ ^ ±0, 

and x, y G H are such that, either 



(6.4) 



E 



y- 



i=l 



< 



< 



iff*- 



\i=l 



or ; equivalently, 
(6.5) 



Re / ^r 4 e 4 - a;, a: - ^7; e » ) > 0, 



\i=l 
1 oc 



\i=l 



(6.6) 

holds, then we have the inequality 
(6.7) 



Re ( E $iei ~ y ' ^ ~ E ^ e V - °' 



i=l 



i=l 

OO \ 2 



1 

< - 

- 4 



Ei r <-*i s 



vi=l 



Ml + (E,~i IM| 2 )"] 2 [|| V || + (E~! l<2/,e,)| 2 ) ; 



(ESil^ + ^l 2 ) 3 (E^iir, + 7 4 | 2 )' 



< - 

- 2 



i (EZi\*i-^\ 2 y (EZi\^-%\ 



2\ 2 



|r« + 7,l 2 ) 3 



r 11*11' ||y|| 



(ESiI^ + ^I 2 )"(ESi 

The proof follows by (6.3) and by (5.10) applied for x and y. We omit the details. 



7. Integral Inequalities 

Let (ft, S, /i) be a measure space consisting of a set ft, a cr— algebra of parts S 
and a countably additive and positive measure /i on S with values in RU {oo} . 
Let p > be a p— measurable function on ft with J Q p(s)dp(s) = 1. Denote by 
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L 2 (O, K) the Hilbert space of all real or complex valued functions defined on ft and 
2 — p— integrable on il, i.e., 



(7.1) 



p(s) \f(s)\ dp(s) < oo. 



It is obvious that the following inner product 



(7.2) 



(f,9)p-= / P (s) f (s) 9 {s)dp (s) . 
Jn 



generates the norm 



/ P(s)\f(s)f 



dfj, (s) 



of L 2 p (il, K) , and all the above results may be stated for integrals. 
It is important to observe that, if 



(7.3) 



Re / (s) g (s) > for p, — a.e. s € f2, 



then, obviously, 



(7.4) 



Re(f,g) p = Re 



P(s)f(s)g(s)dfi(s) 



p(s)Rc f(s)g(s) dp(s)>0. 



The reverse is evidently not true in general. 

Moreover, if the space is real, i.e., K = R, then a sufficient condition for (7.4) to 
hold is: 



(7.5) 



/ (s) > 0, g (s) > for p - a.e. s e O. 



We provide now, by the use of certain results obtained in Section ??, some 
integral inequalities that may be used in practical applications. 



Proposition 3. Let /, g e L 2 (O, K) and r > with the property that 



(7.6) 



\f (s) - g {s)\ < r for p- a.e. sefi. 
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Then we have the inequalities 



(7.7) 



< 



,(s)\f(s)\ 2 dp(s) f p(s)\g(s)\ 2 dp(s 
Jn 



< 



< 



< -zr A . 



P(s)f(s)g(s)dfj,(s) 

[ p(s)\f(s)\ 2 dp(s) [ p(s)\g(s)\ 2 dp(s) 
Jn Jn 

- \ p(s)Rc f(s)g(s) dp(s) 
Jn L J 

{s)\f (s)\ 2 dp{s) f p( S )\g(s)\ 2 dp(s) 
Jn 



p(s)Re f(s)g(s) dp{s) 



The constant \ is best possible in (7.7). 

The proof follows by Theorem 1, and we omit the details. 
Proposition 4. Let f,g^L 2 p (ft, K) and 7, T e K so that T 7^ —7, 7 and 

(7.8) Re[(r ff (a)-/(a))(7W-7flW)] >0 forp-a.e. sett. 
Then we have the inequalities 



(7.9) 



< 



/ p( S )\f(s)\ 2 dp( S ) f p(s)\g(s)\ 2 dp( S ) 
Jn Jn 



P (s) / (s) g (s)dp (s) 



< 



/ p(s)\f(s)\ 2 dp(s) [ p(s)\g( S )\ 2 dp(s) 
Jn Jn 



Re 



r + 7 



P(s)f{s)g{s)dp,(s) 



< 



|r + 7l 

/ p( S )\f( S )\ 2 dp(s) f p(s)\g( S )\ 2 dp(s) 
Jn Jn 



-Re 

2 



r + 7 
|r + 7 | 



P{s)f(s)g{s)dn (s) 



< 



1 |r- 7 | 



/ 

Jn 



p(s)\g(s)\ dp(s). 



4 |r + 7 | Jn 
The constant \ is best possible. 

Remark 3. If the space is real and we assume, for M > m > 0, that 
(7.10) mg (s) < f (s) < Mg (s) for p - a.e. s G Cl, 
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(7.11) 







p(s)\f(s)\ 2 dp(s) / p(s)\g(s)\ 2 dp(s) 



i (M- m y 



p(s)f{s)g(s)d(j,(s) 

/ P (s) \g {s)\ 2 dp (s) . 
Jn 



4 M + m 

The constant j is best possible. 

The following reverse of the triangle inequality for integrals holds. 

Proposition 5. Assume that the functions f,g £ L^(0, K) satisfy (7.10). Then 
we have the inequality 

(7.12) < ^p(s)\f(s)\ 2 dp(s)y 2 +^p(s)\g(s)\ 2 dp(s)y 2 

1/2 



< 



p(s)\f(s)+g(s)\Up(s) 

i 

v ' 2 uu ~-' ' ' p( S )| 5 ( S )r^( S ) 



2 + m \J n 



1/2 



The proof follows by Proposition 2. 

By making use of Theorem 5, we may also state 

Proposition 6. Let f,g,h £ L^(il,K) be so that J n p{s) \h (s)\ 2 dp (s) = 1. Sup- 
pose also that a, A,b, B £ K with A ^ ±a, B ^ ±b and 



Re \{Ah (s) - f (s)) (/ (s) - ah (s) 
Re [(Bh (s) - g (*)) (~gjsj - bh(s)) 
Then we have the inequality 



> 0, 

> for p — a.e. s £ Cl. 



P(s)f(s)g(s)dp(s)- / p(s) f (s)h(s)dp(s) / p (s) h (s) g (s)dp (s) 



< 1 |A-a||B-6| 



4 y/\A + a\\B + b\ 



p(s)\f(s)\ 2 dp( S : 



f p(s)f(s)h(s)dp(s) 
Jn 



The constant \ is best possible. 



Remark 4. ^4i/ i/ie oi/ier inequalities in Sections ?? - ?? may 6e wsed in a similar 
manner to obtain the corresponding integral inequalities. We omit the details. 
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